e existing model of sudden acceleration changes, referred to as the tra c jerk e ect, is mostly based on theoretical hypotheses, and previous research has mainly focused on traditional tra c ow. To this end, this paper investigates the change in the tra c jerk e ect between inactive and active vehicle-to-vehicle (V2V) communications based on eld experimental data. Data mining results show that the correlation between the jerk e ect and the driving behavior increases by 50.6% on average when V2V messages are received. In light of the data analysis results, a new car-following model is proposed to explore the jerk e ect in a connected environment. e model parameters are calibrated, and the results show that the standard deviation between the new model simulation data and the observed data decreases by 38.2% compared to that of the full velocity di erence (FVD) model. Linear and nonlinear analyses of the calibrated model are then carried out to evaluate the connected tra c ow stability. Finally, the theoretical analysis is veri ed by simulation experiments. Both the theoretical and simulation results show that the headway amplitude and velocity uctuations are reduced when considering the jerk e ect in a connected environment, and the tra c ow stability is improved.
Introduction
As the basis of microscopic tra c ow, the car-following model [1, 2] is used to describe the motion characteristics of a vehicle that follows another vehicle. is situation is the most common driving behavior in single-lane tra c ow [3] [4] [5] . In the past, notable e orts have been made to model car-following behavior [6] [7] [8] [9] . Bando et al. [6] proposed an optimal velocity (OV) model based on the assumption that each vehicle has an optimal desired speed while driving. is model can successfully explain actual tra c phenomena, such as stop-and-go waves and congestion evolution, in a simple form. Helbing and Tilch [7] subsequently found that the OV model exhibited unrealistic acceleration and deceleration behaviors in a simulation. To overcome this drawback, a generalized force (GF) model was proposed. However, the GF model cannot describe the wave motion velocity of a vehicle in a blocking density. us, Jiang et al. [8] proposed a full velocity di erence (FVD) model based on the GF model. is model has been widely used in traditional tra c ow modeling. e di erential equation of the FVD model is:
where indicates the sensitivity coe cient of the driver's response; ( ) is the OV function; represents the headway between vehicle ; and its preceding vehicle + 1; v ( ) represents the velocity of vehicle at time ; and is a response coe cient di erent from .
With the development of connected vehicles (CVs), research on tra c ow theory has gradually evolved from traditional tra c ow modeling to connected tra c ow [10] [11] [12] [13] [14] [15] [16] . A CV can share its status (e.g., position, speed, and acceleration) with other CVs within a certain range via vehicle-to-vehicle (V2V) or vehicle-to-infrastructure (V2I) communication. Based on this feature, Li et al. [17] proposed a car-following model that accounted for the communication probability to capture the car-following behavior of CVs equipped with vehicle-to-everything (V2X) communications.
(1) ( ) = ( ) − v ( ) + Δv ( ), ese researchers conducted eld experiments to verify the e ectiveness of the proposed method in terms of trajectory and velocity pro les. Ge et al. [18] proposed a class of connected cruise control algorithms based on human driving behavior and conducted experiments to examine the bene ts of utilizing motion information from preceding vehicles. Xie et al. [19] proposed a generic car-following framework to model heterogeneous tra c and developed a driver assistance strategy for CVs. Sharma et al. [20] used prospect theory to incorporate driver compliance behavior into CV driving strategies. e results show that the new model can successfully predict the car-following dynamics of CVs. Zheng et al. [21] developed a safety rule-based cellular automaton (CA) model under a V2V environment. All these studies show that CVs can signi cantly improve tra c safety and energy e ciency and can also bring additional social bene ts by reducing tra c ow uctuations.
In actual tra c scenarios, vehicles o en undergo sudden acceleration changes, and this e ect is called tra c jerk. is kind of disturbance easily spreads upstream in tra c, resulting in phantom tra c jams [22] [23] [24] . In recent years, many scholars have studied various tra c ow models that consider tra c jerk. Redhu and Siwach [25] proposed an extended ux difference lattice hydrodynamics model by considering the trafc jerk e ect. e tra c jerk e ect was examined through linear and nonlinear stability analyses in that paper. Zhai and Wu [26] proposed a continuum tra c model that considered the e ects of driver characteristics and tra c jerk. e simulation results showed that driver characteristics and tra c jerk e ects play signi cant roles in tra c ow stability and emissions. Cheng et al. [27] proposed a macro tra c ow model that simultaneously considered anticipation and tra c jerk. Numerical simulations demonstrated that the proposed model could suppress tra c congestion and reduce energy consumption. Song et al. [28] developed an improved car-following model that accounted for tra c jerk and the FVD. e analytical and numerical analysis results showed that the improved model had the ability to describe the phase transition and critical phenomena in real tra c conditions. Jin et al. [29] presented an improved car-following model to explore the e ects of driver memory and jerk on tra c ow. e evolution of tra c congestion and the corresponding energy consumption were then discussed. It is reasonable to conclude from the above literature that tra c jerk has a signi cant impact on tra c ow stability and should be considered in car-following behavior modeling.
However, most research results are derived only from theoretical hypotheses and not from eld data mining analysis results. ese proposed models are also not calibrated and veri ed through experimental data. is shortcoming will seriously a ect the validity of the corresponding research results. In addition, the above-mentioned studies mainly discuss traditional tra c ow and do not include the jerk e ect in connected tra c ow. It is of great signi cance to capture the nature of stop-and-go tra c waves [30] and the impact of V2V messages on tra c jerk by using mathematical and physical models. e spatiotemporal evolution of tra c ow can be analyzed and predicted by established models. is approach can provide reasonable transportation planning advice for tra c management centers and guide the design of human-like autonomous car-following planning algorithms [31, 32] . erefore, this paper investigates changes in the tra c jerk e ect between inactive and active V2V communication environments based on eld experimental data. In light of the data analysis results, a car-following model is proposed to explore the jerk e ect in a connected environment. By calibrating the parameters of the proposed model, the tting ability of the model to real tra c scenarios is veri ed. e linear and nonlinear stability conditions of the calibrated model are then derived. Finally, simulation experiments are conducted to demonstrate the theoretical results.
Model Formulation

Experimental Setup.
is paper used the car-following data of CVs previously collected by our research team (see Figure 1 ) [33, 34] to analyze the impact of V2V communication on the jerk e ect in tra c ow (i.e., to evaluate the correlation between the jerk e ect and car-following behavior in inactive and active V2V cases). e site selected for the experiment was the 2.4-km circular runway of the Chang'an University's vehicle testing eld. Two CVs were used for the eld experiments.
e CVs were retro tted by our research group based on the production vehicles. e retro t equipment included an MK5 on-board unit manufactured by Cohda Wireless for V2V communication, accelerometers, di erential GPS, humanmachine interface (HMI) equipment, etc. e HMI can guide and warn the driver based on his/her driving behavior through voice and interface prompts. For a more detailed introduction to our connected experimental platform, refer to [34] . e experiment process is as follows. A er the leading vehicle starts, the driver is required to continuously decelerate and then accelerate again; that is, the acceleration of the leading vehicle is constantly uctuating. e driver of the following vehicle is required to follow the leading vehicle in the same lane and is not allowed to overtake the leading vehicle. In this way, we can analyze the experimental data of the two vehicles to explore the jerk e ect in tra c ow. In addition, we can analyze the in uence of V2V messages on car-following behavior with the tra c jerk e ect by comparing the driving behavior with inactive and active V2V communications. Because there are many factors a ecting the results of tra c experiments, we conducted four repeated tests with the same test scenario to ensure that the experimental data analysis results are consistent. e experimental data include the velocity, acceleration, and position of each vehicle. e headway and velocity di erence between the leading vehicle and the following vehicle can be calculated. All data acquisition frequencies were set to 20 Hz.
Notably, the dataset of the CVs used in this study is collected under homogeneous tra c ow, i.e., 100% market penetration rate (MPR) of the CVs. e driving prompt/warning strategies of the CVs are the same. In fact, the large-scale popularization of CVs will take a certain amount of time. us, regular vehicles and CVs will be mixed in real road environments. In addition, the driving strategy should be adjusted according to the MPR of the CVs and the vehicular order sequence to improve the safety, stability, and throughput of tra c ow. Experimental data acquisition and modeling analyses of heterogeneous platoons with V2V communication will be carried out in our future work.
Data Mining Analysis.
In the literature review section, we nd that previous studies have concluded based on theoretical analyses and numerical simulations that tra c jerk has a signi cant impact on tra c ow stability and should be considered in car-following behavior modeling. However, this conclusion has not been veri ed by eld tests. erefore, we used the experimental data to explore the correlation between tra c jerk and car-following behavior. In addition, previous theoretical studies suggested that the driving stability of CVs will be smoother than that of regular vehicles (RVs), as a CV can accurately obtain the driving information of neighboring vehicles [12, 13] . us, the changes between the jerk e ect and driving behavior under active and inactive V2V communications should be compared through correlation analysis.
Correlation analysis is the analysis of two or more related variables to measure the closeness of the two variables. To explore the e ect of V2V information on the correlation between jerk and car-following behavior, the maximal information coe cient (MIC) [35] is used in this paper to measure the degree of linear or nonlinear similarity between two variables. e higher the degree of similarity, the greater the value. e calculation formula is as follows:
is the joint probability density distribution function and is a function of sample size. and are the variables studied and represent the acceleration of the following vehicle and the jerk e ect, respectively. e correlation analysis results are presented in Table 1 .
Previous studies of traditional tra c ows have concluded that tra c congestion can be e ciently suppressed by considering the impact of jerk. More speci cally, a driver's avoidance of unnecessary jerk can obviously stabilize tra c ow [25] [26] [27] [28] . e data analysis results in Table 1 further indicate that the correlation between the jerk e ect and driving behavior increases by 50.6% on average compared to that of an RV since V2V communication technology provides instant information regarding the interactions between vehicles [33, 36, 37] . is nding may improve the stability of connected tra c ow. is conjecture based on data mining analysis results is veried via mathematical modeling and theoretical stability analysis.
New Model.
According to the above-mentioned data analysis results, a car-following model is extended based on the FVD model to describe the jerk e ect in connected tra c ow; this model is referred to as FVD-JC, and it is expressed as follows:
where and are the jerk parameters to be calibrated;
and other parameters have the same meanings as those of the FVD model. e speci c form of the OV function [7] is
Parameter Calibration.
e proposed car-following model can be calibrated to verify the tting ability of the model to observed tra c data and obtain more realistic driving behaviors in tra c simulations [38] . e calibration process is usually considered a nonlinear optimization problem [43] , whose objective function is de ned as follows: 
Stability Analysis
e stability of tra c ow [40] as an indicator of spontaneous congestion patterns is an important consideration in car-following behavior modeling [42, 42] . Moreover, tra c ow stability will directly a ect tra c safety, energy consumption, and throughput. erefore, tra c ow stability can be used as an essential tra c evaluation indicator. According to the stability analysis results, we can determine the stable and unstable regions of tra c ow under di erent conditions and then provide guidance for suppressing tra c congestion.
Linear Stability Analysis.
To analyze the ability of the proposed model against a small disturbance, we rst suppose the current state of tra c ow is uniform. e OV is taken as (̃ ), where ̃ is the equilibrium headway of each vehicle in a platoon. Hence, the location of each vehicle in the steady-state solution is given as:
where is a calibration parameter vector; is the size of the dataset; is the current simulation step size; is the sampling time; v sim (⋅) is the simulation velocity of the target vehicle; and v obs (⋅) is the observed velocity. e genetic algorithm (GA) is used to calibrate the FVD-JC model parameters. e GA toolbox of MATLAB is used in the calibration process of the car-following model. For a detailed account of the GA and a comparison of calibration algorithms, refer to [39] and the many references therein. Figure 2 (a) shows that the acceleration deviation distribution of the FVD-JC model is more concentrated than that of the FVD model; e.g., the standard deviation is reduced by 38.2%.
is result indicates that model improvement is e ective and necessary. To intuitively explain why the tting ability of the FVD-JC model is better than that of the FVD model, we randomly select pieces of data before and a er the V2V warning information is received.
As shown in Figure 2 (b), the FVD model can be tted to the observed data when warning information is not received; however, when warning information is received, the FVD model cannot t the actual driving behavior very well. It can be seen that the FVD-JC model ts the measured data well. As shown in Figure 3 , the value of the cumulative distribution function of the FVD-JC model is larger than that of the FVD model in the smaller value area of the acceleration deviation.
us, compared with the FVD model, the simulation error of the FVD-JC model is mainly distributed in the smaller value area. is result is consistent with that of Figure 2(a) . e calibration results indicate the necessity of our new model, as the parameters of the FVD model can no longer be adjusted to describe and t the experimental data at this time. We need to make improvements in the model structure. ese results also con rm the validity of the previous data analysis results.
In this paper, the values of the OV-related parameters are chosen from the results in [7] . e other parameters take the average values of the calibration results. erefore, the parameters of the proposed model are nally set as follows: = 0.41, = 0.5, = 0.05, = 0.05, 1 = 6.75, 2 = 7.91, 1 = 0.13, and 2 = 1.57. 
Nonlinear Stability Analysis.
To analyze the slow-varying behavior around the critical point ( , ) for a coarse grain size, the reductive perturbation method is applied to deduce the mKdV equation, which is inferred to depict the propagation characteristics of tra c jams. By introducing slow scales for space variable and time variable , the slowly varying behavior of long waves is studied, and the corresponding slow variables and are given as follows:
where 0 < ≤ 1 and is a to-be-determined constant. e headway Δ ( ) can be followed by ℎ + ( , ). According to Equation (3), the expression of the car-following behavior of the preceding vehicle can be obtained as follows:
By subtracting Equation (3) from Equation (16), we obtain the following form:
By substituting Equation (15) into Equation (17) and expanding Equation (17) to the h order of by taking the Taylor expansion, a nonlinear di erential equation is obtained as follows:
where ὔ = ( )/ | = and ὔὔὔ = 3 ( )/ 3 ᐈ ᐈ ᐈ ᐈ ᐈ = . By taking = ὔ and = / 1 + 2 , from Equation (18), we obtain the following simpli ed equation:
where By transforming = ὔ / and = 1 / 2 for Equation (19) , the regularized mKdV equation with a corrective term ( ) is obtained as: where is the closed single-lane length and is the total number of vehicles in the observed lane.
en, we substitute a small disturbance ( ) = ( + ) into the uniform steady-state Equation (5) and obtain ( ) = (0) ( ) + ( ). To facilitate further derivation, we convert this result to the following equivalent form: e rst derivative of Equation (6) is obtained as follows:
en, the derivative of Equation (7) is obtained as follows:
e headway can be written as follows:
Substituting the above results into Equation (3), the di erential equation of perturbation can be obtained.
By performing a Taylor expansion on Equation (10) and ignoring high-order terms, we can obtain:
where Δ ( ) = +1 ( ) − ( ) and ὔ (̃ ) = ( )/ ᐈ ᐈ ᐈ ᐈ =̃ .
Expanding ( ) = exp( + ) results in:
By expanding in Equation (12) as = 1 ( ) + 2 ( ) 2 + ..., we can obtain the following rst-and second-order terms of :
If 2 is negative, then the tra c ow becomes unstable; if 2 is positive, then the initial small perturbation in tra c ow vanishes over time. erefore, the neutral stability condition is given as
v ( ) .
.
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According to Equations (14) and (24), the tra c ow stability distribution is shown in Figures 4(a) and 4(b) , respectively. In Figure 4 (a), the space above the neutral stable surface is the stable space, and the space below is the unstable space. e stability of the model is improved when considering the jerk e ect. Figure 4(b) shows the nonlinear analysis results obtained by the mKdV equation. It can be seen that the jerk e ect plays an important role in tra c ow stability and tra c congestion in a connected environment. Notably, the communication transmission delay is equivalent to increasing the reaction delay during driving, which decreases the value of in the model. According to the stability analysis results shown in Figure 4 , a decrease in will increase the unstable area of tra c ow, which is not conducive to suppressing tra c congestion.
Simulation Experiments
e stability of the model a ects tra c ow oscillation propagation, which is a common phenomenon on real roads. Figure 5 (a) plots the temporal-spatial trajectories of vehicles on Lane 1 of U.S. Highway 101, selected from the Next Generation Simulation (NGSIM) dataset. More speci cally, Figure 5 (b) plots the propagation of the velocity oscillation wave in a 30-vehicle platoon with the No. 9 vehicle as the leading vehicle. Figure 5 shows that the content of the stability analysis of the previous section is a tra c phenomenon that exists in a real road environment. erefore, the model we proposed should rst be able to reproduce this tra c phenomenon in the next simulation experiment to verify the validity of the model and the premise of making predictions based on the model. e tra c congestion transition can be described by the mKdV equation with a propagating solution. Using the method in [19, 20] , we obtain a kink-antikink soliton solution of the regularized mKdV equation as follows:
where is the spread velocity of the kink-antikink soliton solution. To obtain the spread velocity , it is necessary for ὔ 0 , ὔ to satisfy the following solvability property:
. We then obtain the spread velocity of the kink-antikink density wave as follows: e general density wave solution of the headway is then given by: e kink-antikink soliton solution denotes the coexisting phase. e headway in the freely moving phase is = 1 / 2 + 1 / − 1 / 2 and that in the congested
= 5 2 3 2 2 4 − 3 1 5 . communication. e amplitude of the headway and the velocity uctuations are smaller than those in Figure 7 (a). Figure  7 (e) shows tra c oscillation propagation a er V2V communication is activated. e stability of the tra c ow is improved compared to that shown in Figure 7 Figure 6 . e scenario is set as 140 vehicles running in a circular track in the vehicle testing eld of Chang'an University. is paper conducts simulation experiments under this tra c scenario only. Field experiments will be conducted in the future. e speci cations and assumptions of the simulation system settings are summarized as follows: (1) e simulation experiments of the CVs are carried out under homogeneous tra c ow, i.e., 100% MPR of the CVs.
(2) During the experiment, it is assumed that communication transmission is reliable and accurate.
e communication transmission delay and the driving response delay are uniformly described by the sensitivity coe cient of the driver's response in vehicle dynamics modeling. Figure 7 shows the spatiotemporal evolution of tra c oscillation waves in di erent tra c scenarios. Figure 7(a) presents the tra c ow uctuation propagation of the traditional FVD model. Figure 7 of deceleration is reduced in the FVD-JC model compared with the FVD model. is nding indicates that the FVD-JC model decelerates more smoothly during the stop process than the FVD model. erefore, the platoon of the FVD-JC model can stop in a shorter time with a more comfortable brake than the FVD model.
Conclusions
Using the car-following data of CVs previously collected by our research team in the vehicle testing eld of Chang'an University, this paper uses the MIC to analyze the correlation between the jerk e ect and car-following behavior under inactive and active V2V environments. e data mining results show that the correlation between the jerk e ect and driving behavior increases in a connected environment, as V2V communication technology provides instant information interaction between vehicles. To better reproduce the experimental results and capture the nature of the jerk e ect in a connected environment, a car-following model is proposed based on the data analysis results. e GA is used to calibrate the model parameters. e calibration results show that the standard deviation between the FVD-JC model simulation data and the observed data is reduced by 38.2% compared to that of the of the FVD model and the FVD-JC model during the starting process of the platoon are shown in Figure 8 .
Figures 8(a) and 8(b) show that the convergence rate of the FVD-JC model reaching the desired velocity of the platoon is faster than that of the FVD model. is result indicates that the FVD-JC model takes less time to bring the entire platoon to a steady state during the vehicle starting process. Figures  8(c) and 8(d) show that the peak value of the acceleration of the FVD-JC model is smaller than that of the FVD model during the starting process. is result indicates that the starting process of the FVD-JC model is smoother and more comfortable than that of the FVD model. erefore, the FVD-JC model can achieve the desired velocity in a shorter time with a smoother and more comfortable start of the platoon than the FVD model. e simulation scene of the braking process is set as follows. A 5-vehicle platoon runs at a constant velocity of 14.36 m/s. ere is a stop line at 31 m in front of the rst vehicle of the platoon, and the tra c signal turns red at this time. FVD model. erefore, the extension of the FVD model is effective and meaningful. It is more reasonable to use the FVD-JC model to analyze the jerk effect in connected traffic flow than the FVD model.
Linear and nonlinear stability analyses of the calibrated FVD-JC model are then carried out to analyze the connected traffic flow stability and the corresponding slow-change characteristics near the critical point. e theoretical analysis results show that the jerk effect plays an important role in the traffic flow stability and traffic congestion. Finally, the theoretical analysis is verified by setting up a simulation experiment of 140 vehicles running on the loop of the vehicle testing field of Chang'an University. e simulation results show that the amplitude of the headway and the velocity fluctuations are reduced when considering the jerk effect in a connected environment, and the stability of traffic flow is improved. e simulation experiment results are in good agreement with the theoretical analysis. e research results can be used for microscopic traffic flow simulation, thus providing accurate and reasonable traffic planning recommendations for traffic management departments. is research is also helpful for the design of upperlevel control strategies for human-like autonomous vehicles. In the future, we will collect more field data and investigate the jerk effect under heterogeneous traffic flow in a connected environment.
Data Availability e full US 101 dataset is freely available at the NGSIM website at https://ops. wa.dot.gov/trafficanalysistools/ngsim. htm. e car-following data of CVs used to support the findings of this study may be released upon request to the Joint Laboratory for Internet of Vehicles, Ministry of Education-China Mobile Communications Corporation, who can be contacted at 86-29-82334763.
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